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ABSTRACT

This paper presents a computationally efficienhmégue for the determination of
the optimal size and spatial mapping of distribugeduators on a flexible structure to
suppress vibrations in a.Hcontrol design framework. The cost of the compatedi
required in the H based optimization algorithm is reduced by usingetiicient feasibility
test. The feasibility test penalizes the candidaiethe actuator size and locations resulting
in the open-loop zeros remaining closer to the imay axes and passes the ones moving
the open-loop zeros farther left of the imaginaxisaThen, by using only the candidates
passing this feasibility test, optimization of tlaetuator size and placement can be
performed using the Hbased design and p analysis. The optimal mappogntque
presented in this study is demonstrated on a sifinpte element based model of a flexible
structure consisting of a cantilevered beam witlo fairs of spatially non-collocated
distributed actuators and a displacement sensor.



INTRODUCTION

Sensor and actuator placement is one of th& ordical aspects in controller design.
Researchers have published various efforts in ¢iveldpment of a systematic approach for
the determination of the optimal sensor and actualicement in the control of flexible
structures (Chen et al 1975, Maghami efl8P3). Maghami et a(1993), presented a novel
approach for the optimal placement of sensors ahdhtors in the active vibration control
of flexible space structures. In their work, thesitions of the collocated sensors and
actuators having negligible mass and stiffness han ftexible truss type structure are
optimized to move the open-loop zeros of the sydteimer to the left of the imaginary
axis. However, the flexible structures are gengralbntrolled by using noncollocated
sensors and actuators to avoid the performanceations which are inevitable in
collocated case. Unfortunately, this generally dgeto the formation of right half plane
zeros. Inniss et al (2000), showed that the exigter the right half plane zeros may result
in the ill-conditioning of the zeros of the flexéktructure. Furthermore, the technique is
based on the open-loop characteristics of the systed neither performance nor the
robustness issues are addressed.

Other researchers have attempted to detertiméneptimal placement of the sensors and
actuators in terms of a selected closed-loop pidoce index, which are usually control
and deformation energies within the Hesign framework (Arabyan et. al.1995 and 1996,
Lind et al. 1997). These techniques require theckefor the optimal configuration being
conducted for all possible positions. Although theéschniques include the closed-loop
performance and robustness issues in their asaty& large computational cost associated
with the H. optimal design makes this search procedure imipeddor application to large
flexible structures with a large number of actuastand sensors. Arabyan et @l999),
presented a computationally efficient method tadeand find the optimal configurations
of the sensors and actuators. In their work, thgel@omputational cost associated with the
H.. optimal design is reduced by considering the ogtimlower limit, the calculation of
which is less expensive than the Biptimal design for all possible configurations.thms
technique, H optimal design is conducted only for the candigldtaving optimistic lower
limit less than the target deformation suppressidme optimistic lower limit is obtained by
relaxing the internal stability requirement in. lptimal design which may influence the
robustness issues for the candidates. Furthernsaree the optimistic lower limit and
standard H optimal design approaches ignore the structuteeoprevalent uncertainty, the
results obtained are known to yield conservativaulte (Zhou et al.1996, Nalbagta
1996). In certain cases, this conservatism maycaffe optimal mapping of the sensor and
actuators.

PROPOSED METHODOLOGY

The analysis conducted for the determinatiothe optimal spatial configurations of the
sensor and actuators for the flexible structuresesther based on the open- or closed-loop
behavior of the system. While the open-loop apgraamcentrates on the influence of the



sensor actuator placement on the open-loop pregestich as the transmission zeros that
can directly be linked to the closed loop contmotlesign, the closed-loop approaches deals
with the placement of the controller design procedinside the automated search
algorithm. Since the open-loop approach does mpire the computation of the closed
loop properties, the approach reduces computatieffait in the solution of the sensor
actuator placement problems. However, this tectenigherently excludes the performance
requirements and robustness issues of the closgdsigstems in the analysis. The closed-
loop approach however, includes these issues indésgn process and carries out the
optimal mapping for each sensor and actuator orfléiéle structure. Unfortunately, this
approach may result in prohibitive computationgjuieements.

The idea proposed here is the determinatidheobptimal size, spatial configurations of
the distributed actuators and sensors on a flesitoiecture by placing the.Hdesign and p
analysis technique inside the optimization seatghrahm. This process generally results
in excessive computational requirements as desigraaalysis has to be conducted for all
possible candidates in the design space. In oaleeduce the computational efforts, an
open-loop based feasibility test is proposed tatifiethe acceptable configurations on the
design space. Then, the ldesign and p analysis are applied to the candigassing the
feasibility test only. In this work, the robustnéssues are modeled as the constraints in the
optimal design.

The State-Space Representation and the feasitgiitffunction

The aim in the system modeling is to obtamniathematical description of the plant for
the design of the control system. The system moga&chnique includes the determination
of the state space representation of the system.nidgdel of the system can be found via
finite element method or system identification. Tdymamical model of the finite element
based model for the flexible structure can be desdrby the second order form as,

[MKa}+[D, {a} +[KKa} = [FKu} (1)

where, by defining N as the number of nodes offthke element model and p as the
number of degrees of freedoms associated with radh, [M], [[y], and [K] are NxNp
mass, damping and stiffness matrices respectilrelhis representation, the vector {g}:
represents the generalized vector of displacem¢ifdnpxa Symbolizes the generalized
vector of velocities and {¥npx1 defines the generalized vector of acceleratiomsefh
node. Defining k as the number of actuatorsyfflis the unit voltage generalized force
transformation matrix from"j (j=1 to k) actuator applicable to each node, amgi{ is the

actuation voltage vector associated with thagtuator. Similarly, the output of the system
for the " sensor (i=1 to r) can be given as,

{y}iX1 = [Cq]ipr{q}NpX1 + [Cv]ipr{q}NpX1 ’ (I =1to r) (2)

here, [G] and [C,] give the displacement and velocity output matrices km@dy. The
displacement and velocity output matrices representnthieies where the response is
measured. The equation of motion given in (1) shouldast into the state space form that



is the one generally used in the controller desiga bhear time invariant systems. The
standard form of the state space representationes @is,

{3 =[alx} +[B]{u}, {v}=[cl{x} 3

In this realization, [A] describes the system matand [B] gives the input matrix, and [C]

defines the output matrix. In this formulation, {8ymbolizes the vector of inputs to the
system. The applications of the standard modalyaisalechniques allow the determination
of the state space representation in modal codefinaby considering new

variablex ={q ¢} " as (Calkan, 2002),

¥ H)i]z [[[)']ﬂ{} *{[w]:pxmp[[g}npxj{u}m}mfJ’ =ik @)

{y}in = [Cq ]ixnp [LIJ ]npxmp{qm}mel + [Cv]ixnp [LIJ ] npxmp {qm}me1’ (I = 1t0 r) (5)

where, A is an mpxmp diagonal matrix formed by the eigenesal obtained from the
solution of the generalized eigenvalue problem desd by equation(1), an¥ gives
npxmp modal matrix formed by the eigenvectors ol@difrom the same equation. In this
realization, [l] is mpmp identity matrix, and [R] symbolizes a mpmp diagonal modal
damping matrix. Besides;,gpymbolizes the generalized modal displacement as,

{qm}me1 = [qJ]-ln—ﬁpxnp{q}npﬂ (6)

The finite element based state-space reprsamtgiven in equations (4) and (5)
provides necessary and sufficient information foe feasibility test and design of the
controllers that aim to suppress the vibrationstdubte modes of the flexible structures.

This work considers the application of a fieidisy function so as to reduce numerical
computations involved in closed-loop based optitwraprocess. Hence an appropriate
open-loop based feasibility test function shoutd lihe open and closed-loop properties of
the systems.

The transmission zeros of a linear time irardrsystems define the asymptotic location
of the closed-loop poles under high actuator galbshas been shown that as the
transmission zeros of the system moves far enonghet left-half plane the possibility of
acquiring fast regulation increases (Maghami ¢1293). Hence, a feasible candidate for
the spatial variations of the actuator and serscations can be selected among the ones
moving the transmission zeros of the system farthethe left hand plane. For non-
minimum phase systems, these values can be selegteding the following open-loop
objective test function.

JE = min(Re()) (7)

wherez; defines the open-loop transmission zeros of tiséesy for the K configuration of
the sensor and actuator locations. The transmigsioys of the system model given can be



obtained from the solution of the generalized ewgédure problem described by equation (8)
(Maghami et al.,1993, Inniss et al. 2000).
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H._Optimal Control

The study utilizes & optimal control design algorithm and analysis techniques to
achieve the closed-loop performance objectives. dffectiveness of these techniques is
shown in the literature [7-10]. The standard cloegh architecture of the dtontroller is
shown in Fig. 1. In this figure, {w}, {v}, {u}, {e}, {z} and {y} are vector valued signals.
Here, {w} and {v} are the exogenous inputs, typlgatonsisting of command signals,
disturbances, and sensor noises. {u} is the cosigral and {z} describes the output to be
controlled and {e} symbolizes the error signal®itlcomponents typically being tracking
errors, filtered actuator signal and {y} is the raeged output. P(s) represents a generalized
nominal transfer function of the system. In thishatecture, K(s) processes the outputs and
feeds back to the system. The Ebntrol problem consists of determining K(s) sticht
the H, norm of the transfer function from {w}, {v} to {z}{e} is minimized and the closed
loop system is stable [12,13]. Unlike other conigrdl controllers, the uncertainties
present in the system can systematically be indudethe modeling. In this technique,
despite of the presence of the uncertairtii@3 as shown in Fig. 2, the controller minimizes
the ratio of the signal energies {e} to {v} (Zhota.1996).
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Figure 1. The closed loop architecture of th&igure 2. The modeling of the
H. controller uncertainties in K controller

In H, control problem, thé block is eliminated for the design purposes amditiput-
output map from [{w} {v}]" to [{z} {€})] T is expressed in lower linear fractional
transformation form KP, K) [12] as

ﬁj]%([ﬂiﬂ)ﬁtﬂ o

where, F (P,K) =P, +P,K(I -P,,K)™"P,, P; represents the partitioned elements of [P]
(according to the dimensions of the control, measent, disturbance and error signals) as,

Pll F)].Z
[P] B |:P21 I:’22i| (10)



The objective is to find a stabilizing conteol K that minimizes thec-norm
of |F (P,K)|,. For an uncertainty block satisfyingh| <1, the closed loop system in

Figure 2 has robust performancelff (P,K)||_ <1 is achieved [8,12]. This result, however,

is conservative because it assumes that the deltk is a full block. The uncertainties in a
realistic problem are due to the components of sdesy, and the representation of such
uncertainties results in a block diagodd). A less conservative robustness test for the
closed loop system is given by examining the stmect singular valuegy of M = F (P,
K). For a given system M and an uncertainty stme;tthe structured singular valueis
defined (Zhou et al. 1996) as,

1

Ha = min{G(A) : ADA', det( — MA) = 0}

(11)

wherel' is the set of block diagonal matrices. In thislgsia, if no ACJA" makes (I-My)
singular thenpa(M)=0. It has been shown that for an appropriatebntrol design
formulation the p values less than one guarantiesdbustness properties of the controller
in the presence of the modeling uncertainties l{alai@lu et al. 1996).

In this work, the closed loop objective for theetatination of the optimal configuration of
the actuators is considered as the maximizatidheottenuation ratio across the frequency
range of interest and the robustness issues sbdifi the p values forms the constraints.
Symbolizing the open and closed-loop systems bgn8 S respectively, the attenuation
ratio corresponding to'ksensor and actuator configuration is described by,

L sl
=)

Herep, andps defines the performance and stability 1 valuegeetsvely

subjected top,andy <1 (12)

lllustrative Example

The effectiveness of the technique presergetemonstrated on a finite element based
simple model of a flexible structure consistingadhin cantilevered beam with two pairs of
spatially non-collocated distributed actuators andisplacement sensor. The study uses
ANSYS® (v6.1) to model the flexible structure.

It has been shown that the sensor and acttyggerand placement has a direct influence
on the poles and zeros of the linear time invarsygtems as the actuators have non
negligible mass and stiffness. In these casesop@n-loop frequencies and associated
mode shapes changes for each candidate that re¢joerenodification of the system model.
This effect is more prominent on the thin flexildguctures consisting of piezoelectric
actuators. In these structures, although the iseréa the size of the actuator makes the
flexible structures stiffer, it also increases #reergy transmitted to the structure thereby
giving a rise to the energy transmitted to the ctme. That consequently increases the
response of the structure. Furthermore, as thédhe@atmove away from the regions where
higher strain values developed, the response dasgg€akkan, 2002). Fig. 3 illustrates



the finite element model and the initial size andfgguration of the piezoelectric patches

on the flexible structure. By using the parametnodeling feature of the model that

consequently allows the modeling for different samed placement of the piezoelectric

actuators and the finite element based system ingdielchnique presented, the open-loop
characteristics of the system are obtained for esmididate. During the theoretical

calculations modal damping ratio is taken to be8@0d to secure the validity of the linear

piezoelectricity and elasticity theories consideré upper limit for the actuator size is

taken to be 150mm for both of the actuators. Funtlbee, massless displacement sensor
placed at the mid-tip location of the flexible sttwre is assumed to measure vibration
signals.
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o Piezoelectric patches: 50x50x0.25mm
Type:BM500

Figure 3. The finite element model and the inisiake and configuration of the piezoelectric
patches of the flexible structure ( a. Top viewSlie view)

In this study, 104 candidates involving diffiet spatial configuration and size of the
actuators for the determination of the optimal ptaent and size are considered to
determine the optimal size and configuration of piezoelectric actuators. In order to
determine the number of candidate passing thefiestthe test function given in equation
(9) is evaluated for each candidate and the alesehiue of the test function is sorted in
descending order. Then, the results obtained attedl against the index number which
effectively represents the number of candidatesliad. The results are shown in Fig. 4. It
can be seen from the figure that the smallest nunfiaeé can capture the maximum values
of the test function should be in the vicinity bétfirst 75 candidates where the gradient of
the test function is zero. The selection of smallember influences the effectiveness of the
test.
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Figure 4. The feasibility test results

The H controller synthesis and-analysis techniques described are applied to the
flexible structure with the actuator size and ptaeat combination passing the feasibility

test by using+Analysis and Synthesis toolbox of the commercragpam Matlaf(v.6.0,



2001). During the H controller design for the flexible structure whichmodeled as a
single input single output system, the performaobgctive is selected to minimize the
maximum frequency response of the first mode of ftagible structure at the sensor
location. Fig. 5. shows the formulation of the eld3oop control in H framework. In Fig.

5, SYSex defines the nominal flexible structure madels a complex number such that

|8<1 and, withA which is the multiplication of \Wq by & defines the system model of the

flexible structure including the uncertaintiesthe modeling Wyq defines the amplitude of
the weight of additive uncertainty weight includetb the system model. \/ represents a
performance weight on the displacement sensor kieae the performance objective.
These weights are adjusted to achieve attenuatidhe peak frequency response of the
closed loop systems involving different actuatanfaurations.

In this study, to limit the actuator commaighal in the control design process to 250
volts Wy in Fig. 5 is chosen as 1/250. The weights on theidance input, W is taken
to be 1 indicating that the input disturbance ipested to be on the same order of
magnitude as the controller signals. The displacersignal is considered to have a signal
to noise ratio of 100. Therefore, W in Fig. 5. is taken as a diagonal matrix with Oa&l
the diagonal elements. The absorption of the weigitb the system model results in the
standard closed loop formulation of the €bntroller shown in Fig. 2

The purpose in the controller design is to imire displacement signal in the low
frequency range, while not exciting the unmodeliegh firequency modes (Zhou et al.1996,
Nalbant@lu 1996). Fig. 6 shows the magnitude plot of thegivengs together with the
open-loop transfer function of the initial configtion. It can be seen from the figure that,
as the frequency increasé¥,qq increases indicating a better system model at low
frequencies. The performance weight is selectecomgidering the results of the feasibility
test. The comparison of the Wand the frequency response of the flexible strectuth
the initial actuator position and size The inigahfiguration (=3, %=200,5=50, $=50, in
mm) are also shown in Fig. 6. The application & theight yields the minimization of the
displacement at low frequencies while making midiatenges at high frequencies.
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Figure 5. The control problem formulation FigureTée comparison of the open-loog
Transfer function, Wiqand Wer

The utilization of these weights together witie system models obtained for the
candidates passing the feasibility test resulthénstandard K control design formulation



shown in Fig. 1. In this work, the robustness issare addressed through the application of
1 analysis for each feasible candidate. In ordecdofirm the validity of the proposed
technique, H control design and analysis conducted for all candidates and thdtseate
plotted against the candidate number that inclufesmation for each design variable in
Fig. 7. It appears from Fig. 8 that the feasibiligst effectively captures the acceptable
candidates which have the largest attenuationséyousing 75 candidates. This allows the
application of formal optimization techniques to @&ceptable configurations instead of
104. Theu analysis is also conducted for the candidatesmadise test and the results are
plotted in Fig. 9. The existence of thevalues lesgdhan oneindicatesthat the optimal
controllers have robust performance in the presehtge modeling uncertainties.

Indicating the positions of the first actuatby x and the second by and the length of
the first and the second actuators hyssrespectively, Fig. 10 gives the comparison of the
open and closed-loop frequency response functionmggponding to different actuator size
and placement values. These candidates are the amressponding to the initial
configurationand maximum attenuation ratios. It can be seen fthm figure that
significant improvements in the attenuation lewada be obtained by considering different
actuator size and configurations for the model ©@red. The attenuation ratios achieved
at the first mode of vibration for the initial cégdiration and the maximum closed loop
objective functionsalues are 3.75, and 13.05 respectively.
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Figure 8. The comparison of the open-loop and dédsep objective functions
(o: candidates passing the feasibility test,*: etbfoop objective)
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Figure 9. The p analysis results for the candidpmsing the feasibility test (Xp,Ht: 1)

o

@

/\\7/\//\

10°
frequency (radisec)

Figure 10. The comparison of the open and closeg-tesponses (a: initial configuration,
b: maximum attenuation ratio;=9, %=250 §=150, $=50, in mm)



CONCLUSIONS AND FUTURE WORK

A computationally feasible approach for théuator size and placement in the control
of flexible structures has been demonstrated. Dingpcitations required for the.Htontrol
design algorithm andu analysis techniques have been reduced by comprusdd
inexpensive open-loop based feasibility test. Stheeapproach effectively determines the
acceptable configurations in the design space Hadsaappropriate specifications of the
weightings in H, control design and p analysis techniques, theoagpris feasible mainly
for the problems involving high order models haviagye number of actuators and sensors.
The technique presented is expected to improvauhger of computations involved in the
optimal mapping with exhaustive search or genelgorghms. Although the technique
demonstrated on the actuator size and placemerlepnoon the simple beam, the
technique may be extended to more complex actsatosor structural systems.
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